Abstract. The aim of this work is propose a logical approach to intention dynamics based on the notion of assignment [7, 3] . The function of an assignment is to associate the truth value of a certain formula ϕ to a propositional atom p. We combine a static modal logic of belief and choice with three kinds of dynamic modalities and corresponding three kinds of assignments: assignments operating on an agent's beliefs, assignments operating on the agent's choices and assignments operating on the objective world. An agent's intention is defined in our approach as the agent's choice to perform a given action and two basic operations on intentions called intention generation and intention reconsideration are defined as specific kinds of assignments on choices.
Introduction
Since the seminal work of Cohen & Levesque [6] aimed at implementing Bratman's philosophical theory of intention [5] , many formal logics for reasoning about intentions, their dynamics and their relationships with beliefs have been developed (see, e.g., [14, 16, 17, 13, 19, 12] ). Most of them are frameworks based on a blend of dynamic logic with doxastic logic, enriched with modal operators for motivational attitudes such as preferences, goals and intentions. But, although logical analysis of intention dynamics are available in the literature, the issue of a formal semantics for the dynamics of intentions has received much less attention. Indeed, all previous approaches are mostly interested in characterizing in the object language the epistemic conditions under which an agent's intention persists over time and the epistemic conditions under which an an agent's intention is generated, but they do not provide a semantic characterization of the process of generating an intention and of the process of reconsidering an intention.
The aim of this work is to shed light on this unexplored area by proposing a formal semantics of intention dynamics based on the notion of assignment. The function of an assignment is to associate the truth value of a certain formula ϕ to a propositional atom p. We combine a static modal logic including modal operators for belief and choice with three kinds of dynamic modalities and corresponding three kinds of assignments: assignments operating on an agent's beliefs, assignments operating on the agent's choices and assignments operating on the objective world. An agent's intention is defined in our approach as the agent's choice to perform a given action and two basic operations on intentions called intention generation and intention reconsideration are defined as specific kinds of assignments on choices.
Assignments were studied before in the literature on modal logic for information dynamics. However they were only applied to the dynamics of belief and knowledge [7, 3] , and there is still no application of this notion to the theory of intention. In this paper we show that assignments are well-suited to model intention dynamics. Indeed, assignments capture the locality of intention dynamics better than other operations like announcements [8] and upgrades [2, 11] , where locality means that the process of reconsidering (or generating) an agent's intention does not affect the other intentions of the agent.
The rest of the paper is organized as follows. The first part (Section 2) introduces a static logic of belief, choice and intention. In the second part (Section 3) we move from a static perspective on agents' attitudes to a dynamic perspective. We first present the syntax and semantics of three kinds of assignments on beliefs, on choices and on the objective world. Then in Section 4, we analyze the notion of executability preconditions for assignments. We devote special attention to executability preconditions of assignments which are responsible for the generation (resp. reconsideration) of an intention. In Section 5 we compare our approach with existing logical approaches to belief and preference dynamics.
A modal logic of beliefs, choices and intentions
We introduce a modal logic called L which supports reasoning about three different kinds of mental attitudes: beliefs, choices (or chosen goals), and intentions.
Syntax
. .} be a nonempty finite set of atoms denoting facts (or state of affairs), and let ATM Act = {α, β, . . .} be a nonempty finite set of atoms denoting actions. The atom α is meant to stand for 'the agent performs a certain action α'. We also have special atoms of type good α expressing that 'performing action α is good for the agent'. ATM Good is the corresponding set, that is,
Good to be the set of atomic formulas. We note p, q, . . . the elements in ATM .
The language L of the logic L is the set of formulas defined by the following BNF:
where p ranges over ATM . The other Boolean constructions , ⊥, ∨, → and ↔ are defined from ¬ and ∧ in the standard way. The two modal operators of our logic have the following reading: [B]ϕ means 'the agent believes ϕ' and [C]ϕ means 'the agent has chosen ϕ' (or 'the agent wants ϕ to be true'). Operators [C] are used to denote the agent's choices, that is, the state of affairs that the agent has decided to pursue. Similar operators have been studied in [6, 12, 14] .
The following abbreviation will also be convenient for every α ∈ ATM Act :
α. I(α) is meant to stand for 'the agent intends to do action α'.
Semantics
Models of the logic L (L-models) are tuples F = W, B, C , V defined as follows:
-W is a nonempty set of possible worlds or states; -B ⊆ W × W is a serial, transitive and Euclidean accessibility relation for belief; -C ⊆ W × W is a serial, transitive and Euclidean accessibility relation for choice;
W is a valuation function.
Accessibility relations on W can be viewed as functions from W to 2 W . Therefore, we write B(w) = {v|(w, v) ∈ B} and C (w) = {v|(w, v) ∈ C }. B(w) is the set of worlds that are compatible with the agent's beliefs at w (or belief accessible worlds at w), C (w) is the set of worlds that are compatible with the agent's choices at w (or choice accessible worlds at w).
The accessibility relations B and C satisfy the following additional constraints for every w ∈ W :
Constraint S1 expresses that the agent's choices are positively and negatively introspective (i.e. if v is compatible with the agent's beliefs at w then the set of worlds which are compatible with the agent's choices at w is identical to the set of worlds which are compatible with the agent's choices at v). According to constraint S2, the agent always chooses the states that he considers possible from the states that he chooses. According to constraint S3, if at state w the agent chooses state v then at v the agent considers v a possible state. In other words, the agent always chooses that the current state belongs to the set of states that he considers possible. Given a model M , a world w and a formula ϕ, we write M, w |= ϕ to mean that ϕ is true at world w in M . The rules defining the truth conditions of formulas are just standard for atomic formulas, negation and disjunction. The following are the remaining truth conditions for [B]ϕ, [C]ϕ:
We write |= L ϕ if ϕ is valid (i.e. ϕ is true in all L-models). We say that ϕ is satisfiable if ¬ϕ is not valid. Fig. 1 contains the axiomatization of the logic L. We adopt a standard KD45 logic for beliefs [9] and a standard KD45 logic for choices [6] . Thus, we have positive and negative introspection for beliefs (Axioms 4 and 5 for [B]), and we assume that an agent cannot have inconsistent beliefs (Axiom D for [B]). We assume that if the agent chooses something then he chooses to choose it and if the agent does not choose something then he chooses not to choose it (Axioms 4 and 5 for [C]), and we assume that the agent cannot have inconsistent choices (Axiom D for [C]). We have negative and positive introspection for choices (Axioms PIntr [C] and NIntr [C] ). Moreover, we suppose that if the agent chooses ϕ then he chooses to believe ϕ (Axiom AchieveAware). In other words, if the agent wants that ϕ will be true then he wants to achieve a state in which he believes that ϕ is true (i.e. he wants to achieve ϕ knowingly). Finally, we suppose that the agent always wants that if ϕ is true then he does not believe ¬ϕ (Axiom NotIncorrectBel). In other words, the agent always wants not to have incorrect beliefs.
Axiomatization
All principles of classical propositional calculus (PC)
We call L the logic axiomatized by the principles given in Fig. 1 . We write L ϕ if ϕ is a L-theorem. For instance, the following theorem is provable by Axiom NotIncorrectBel, Axiom K and necessitation rule for [C]:
The theorem just says that if the agent wants to acquire a certain belief then he wants the content of this belief to be true. Therefore, our logic does not allow self-deception. For example, it excludes the situation of a person who wants to believe that God exists in order to feel better when thinking about the afterlife (i.e. Proof. It is a routine task to check that the axioms of the logic L correspond one-to-one to their semantic counterparts on the models. In particular, Axioms D, 4 and 5 for [B] correspond to the seriality, transitivity and Euclideanity of the accessibility relation B. Axioms D, 4 and 5 for [C] correspond to the seriality, transitivity and Euclideanity of C . Axioms PIntr [C] and NIntr [C] together correspond to the constraint S1. Finally, Axiom AchieveAware corresponds to S2 and Axiom NotIncorrectBel corresponds to S3. It is routine, too, to check that all of our axioms are in the Sahlqvist class. This means that the axioms are all expressible as first-order conditions on models and that they are complete with respect to the defined model classes, cf. [4, Th. 2.42].
In this section we extend the logic L of Section 2 by modal operators for objective world change and mental attitude change. We distinguish two kinds of mental attitude change: belief change and choice change. We call L dyn the extended logic.
Syntax
Atomic events for world change (or atomic world assignments) are of the form p W ϕ whereas atomic events for belief change (or atomic belief assignments) and for choice change (or atomic choice assignments) are of the form p B ϕ and p C ϕ: p B ϕ is the event 'the truth value of ϕ is assigned to p in the agent's beliefs'; p C ϕ is the event 'the truth value of ϕ is assigned to p in the agents' choices'; p W ϕ is the event 'the truth value of ϕ is assigned to p in the objective world'. We respectively note BASG B = {p B ϕ|p ∈ ATM and ϕ ∈ L}, BASG C = {p C ϕ|p ∈ ATM and ϕ ∈ L} and BASG W = {p W ϕ|p ∈ ATM and ϕ ∈ L} the set of atomic belief assignments, the set of atomic choice assignments and the set of atomic world assignments. We define EVT = BASG B ∪ BASG C ∪ BASG W to be the set of atomic assignments.
The following two types of atomic choice assignments characterize two basic operations on an agent's intentions:
The event gen(α) is the agent's mental operation of generating the intention to do action α, whereas the event rec(α) is the agent's mental operation of reconsidering (or erasing) his intention to perform action α. 4 Complex assignments are defined as partial functions from ATM to L. We distinguish three kinds of complex assignments: complex belief assignments, complex choice assignments and complex world assignments. We note σ B , σ B , . . . the complex belief assignments, σ C , σ C , . . . the complex choice assignments and σ W , σ W , . . . the complex world assignments. Moreover, we respectively note CASG B , CASG C and CASG W the set of all complex belief assignments, the set of all complex choice assignments and the set of all complex world assignments. Given a complex belief assignment
) is the domain of the complex choice (resp. world) assignment σ C (resp. σ W ) and C(σ C ) (resp. C(σ W )) is its codomain. We extend partial functions to total functions by stipulating that when p /
to be the corresponding set of atomic belief assignments. Similarly, for every complex choice assignment σ B and complex world assignments
are the corresponding sets of atomic choice and atomic world assignments.
The elements of ASG are all sets including a set of atomic belief assignments, a set of atomic choice assignments and a set of atomic world assignments, that is,
The language L dyn of the logic L dyn is defined by the following BNF:
where p ranges over ATM and Σ ranges over ASG. 
Semantics
We introduce a function Pre from EVT to L which returns the executability preconditions of every atomic belief assignment, of every atomic choice assignment and of every atomic world assignment. The function Pre is generalized to the events Σ in ASG in a straightforward manner. Suppose Σ = {s(σ B ),s(σ C ),s(σ W )}. Then:
Note that this formula is indeed in the language and is not infinitary. Indeed, the set of atoms ATM has been supposed to be finite.
For every Σ ∈ ASG, Pre(Σ) denotes the executability preconditions of the event Σ, i.e. the conditions which are together necessary and sufficient to ensure that the event Σ will possibly occur. 
M Σ is obtained by creating three copies of each state of the original model M (a copy for the objective world, a copy for belief, a copy for choice), and by restricting the original model to the set of states in which the executability preconditions of Σ hold. Moreover, for every atom p, the effect of a model update by Σ is to assign the truth value of σ B (p) to the atom p in all belief copies of the original states, to assign the truth value of σ C (p) to the atom p in all choice copies, and to assign the truth value of σ W (p) to the atom p in all world copies.
For every world copy w W , at w W the agent considers possible all belief copies of those states that he considered possible before the event Σ, and he chooses all choice copies of those states that he chose before the event Σ.
For every belief copy w B , at w B the agent considers possible all belief copies of those states that he considered possible before the event Σ, and he chooses all choice copies of those states that he chose before the event Σ.
For every choice copy w C , at w C the agent considers possible all choice copies of those states that he considered possible before the event Σ, and he chooses all choice copies of those states that he chose before the event Σ.
This construction of the updated model M Σ ensures that the agent is aware that his choices have been changed accordingly so that the properties of positive and introspection over the agent's choices (constraint S1) are preserved after the occurrence of the event Σ. Moreover, it ensures that the agent chooses that his beliefs change as his choices change so that the constraints S2 and S3 are preserved after the occurrence of the event Σ. On the contrary, the operation of world change is independent of the operations of belief and choice change, and the operations of belief and choice change are independent of the operation of world change.
Proof. It is just trivial to prove that our operation of model update preserves the seriality, transitivity and Euclideanity of the accessibility relations B and C .
We just prove that the constraints S1, S2 and S3 are also preserved. We start with S1. Assume v B ∈ B Σ (w W ) and u C ∈ C Σ (v B ). It follows that v ∈ B(w) and u ∈ C (v) and M, w |= Pre(Σ) and M, u |= Pre(Σ). Then, by constraint S1, we have u ∈ C (w). Therefore, u C ∈ C Σ (w W ). In a similar way we can prove that if
. It follows that v ∈ C (w) and u ∈ B(w) and M, v |= Pre(Σ) and M, u |= Pre(Σ). Then, by constraint S1,
. In a similar way we can prove that if
It follows that v ∈ C (w) and u ∈ B(v) and M, w |= Pre(Σ) and M, u |= Pre(Σ). Then, by constraint S2, we have u ∈ C (w). We can conclude that u C ∈ C Σ (w W ). In a similar way we can prove that if
The truth conditions are those of Section 2 plus the following:
Note that Σ:W and Σ:B and Σ:C are individually equivalent to the executability preconditions of Σ (i.e. Pre(Σ)). Therefore Σ:W , Σ:B and Σ:C should be respectively read 'Σ will possibly occur in the objective world', 'Σ will possibly occur in the context of the agent's beliefs' and 'Σ will possibly occur in the context of the agent's choices'.
In Section 4 we will specify in detail four general kinds of executability preconditions: the executability preconditions of the atomic world assignments p W ⊥ and p W (with p ∈ ATM Fact ); the executability preconditions of the atomic world assignment α W (with α ∈ ATM Act ); the executability preconditions of the atomic choice assignment gen(α); the executability preconditions of the atomic choice assignment rec(α). The first are the executability preconditions of the event which consists in making true (resp. false) a certain objective fact p; the second are executability preconditions of the intentional action α; the third are the executability preconditions of the process of generating the intention to do α; the fourth are the executability preconditions of the process reconsidering the intention to do α.
A discussion about the relationships between the present approach and the action/event model with assignmentsà la [7, 3] is given in Section 5.
Axiomatization
We have reduction axioms for the three operators Proposition 1.
Proof. We prove Theorem (1a) as an example. According to Theorem 1a, after generating the intention to do α, the agent intends to do α in the objective world. According to Theorem 1b, after reconsidering the intention to do α, the agent does not intend to do α in the objective world. Theorems 1c and 1d express the corresponding effects of the processes of intention generation and of intention reconsideration in the context of the agent's choices: after generating (resp. reconsidering) the intention to do α, the agent performs (resp. does not perform) action α in the context of his choices. Theorems 1e and 1f express that the operations of intention generation and of intention reconsideration are local operations, that is, the process of generating (resp. reconsidering) an intention does not affect the other intentions of the agent: if α and β are different actions and the agent intends (resp. does not intend) to do β then, after reconsidering (resp. generating) the intention do α, the agent will intend (resp. not intend) to do β. Proof. By means of the principles R1a-R6 in Theorem 3, it is straightforward to prove that for every L dyn formula there is an equivalent L formula. In fact, each reduction axiom R1a-R5c, when applied from the left to the right by means of the rule of replacement of proved equivalence R6, yields a simpler formula, where 'simpler' roughly speaking means that the dynamic operators are pushed inwards. Once the dynamic operators attain an atom they are eliminated by one of the equivalences R1a-R1c. Hence, the completeness of L dyn is a straightforward consequence of Theorem 1.
Applications
It is now time to study in detail the notion of executability preconditions introduced in Section 3.2. We will study four general kinds of executability preconditions: the executability preconditions of the event which consists in making true (resp. false) a certain objective fact p; the executability preconditions of an intentional action; the executability preconditions of a process of intention generation; the executability preconditions of a process of intention reconsideration. Thus, we will be able to clarify why the distinction between atoms denoting facts and atoms denoting actions given in Section 2.1 is not merely a syntactic distinction. On the contrary, it has concrete effects on the dynamic level of our model. Indeed, we will show that the executability preconditions for assignments to atoms denoting facts are qualitatively different from the executability preconditions for assignments to atoms denoting actions.
Positive and negative effect preconditions. Executability preconditions can be used to describe how the world will change after the occurrence of a certain action, that is, how a fact p might become true (resp. false) when the agent acts in a certain way. In way similar to [15] , we denote with γ + (α, p) the positive effect preconditions of action α with respect to p (i.e. the conditions which ensure that p will be settled to be true when action α occurs) and with γ − (α, p) the negative effect preconditions of action α with respect to p (i.e. the conditions which ensure that p will be settled to be false when action α occurs). For example, we might suppose that γ + (pullTrigger , scaredEnemy) = holdsGun ∧ loadedGun, i.e. the positive effect preconditions of the action 'pull the trigger of the gun' with respect to the fact 'the enemy gets scared' consist in 'holding a loaded gun in a hand'. As the following definition highlights, we can say that a certain fact will possibly become true (resp. false) if and only if, there exists an action α performed by the agent, the positive (resp. negative) effect preconditions of α with respect to p hold and there is no action β performed by the agent such that the negative (resp. positive) effect preconditions of β with respect to p hold.
Definition 1. For every p ∈ ATM
Fact we define:
Executability preconditions for action execution. The following general principle clarifies the connection between mental level and intentional action level (a similar principle is discussed in [12] ).
(*) An action α will be possibly performed by an agent if and only if the agent has the intention to perform action α and he does not believe that doing α is something bad for him.
Therefore, if an agent intends to a certain action α and, before starting to perform the action, he learns that doing α is something bad for him, he will not start to execute the action and he will reconsider his corresponding intention (see Principle *** below). As the following definition highlights, the Principle * can be expressed in our logic. From Definition 2 it follows that all action occurrences of type α are occurrences of intentional actions.
